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Abstract. The stuffed fullerene structures of medium-sized SiN (41 � N � 50) clusters have been system-
ically studied using the all-electron density functional theory with gradient correction. For each cluster
size, fullerene cages with different topologies and filled by different number of atoms were constructed and
optimized to find the lowest-energy structure. The core atoms filled in the fullerene cages tend to form cage-
like structures that resemble structural character of bulk diamond fragments. The size-dependent physical
properties such as binding energies, electronic gaps, and ionization potentials have been discussed. Si45
exhibits relatively higher stability that can be associated with the low chemical reactivity observed by
experiment.

PACS. 36.40.Mr Spectroscopy and geometrical structure of clusters – 61.46.+w Nanoscale materials –
61.48.+c Fullerenes and fullerene-related materials

1 Introduction

Over the past two decades, investigation of the structures
and relative stability of medium-sized silicon clusters SiN
(N = 20–100) has become an attractive area. Consider-
able effort has been devoted to the determination of the
ground-state geometric structures, namely, the global min-
ima as a function of the cluster size N . For the smallest
SiN clusters with N � 7, their structures have been deter-
mined by ab initio calculations with aid of experimental
information such as anion photoelectron spectroscopy [1],
Raman [2] and infrared [3] spectra, and high-resolution
photoelectron [4], etc. It was found that the geometric
structures of the small SiN clusters are quite different
from fragments of a bulk diamond lattice [5,6]. As the
size of clusters increases sufficiently, it is natural to expect
that the silicon clusters would possess a bulk-like diamond
structure with a reconstructed surface. Thus, understand-
ing the size evolution of cluster geometry and exploring
the transition toward the diamond structure are very im-
portant issues in the study of silicon clusters and nanos-
tructures.

In the medium-sized region, ionic mobility experiments
have revealed an crucial structural transition from pro-
late to near-spherical for silicon cation (Si+N ) and anion
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(Si−N ) clusters of 24 < N < 30 [7]. Recently, such struc-
tural transition has also been confirmed by experimen-
tal/simulated [8] and theoretical [9,10] studies. Above the
transition size, most of the observed cluster properties
such as binding energies [11,12], ionization potentials [13],
photoelectron spectra [14], and chemical reactivity [15]
show smooth size-dependent behaviors, implying that the
structures of the medium-sized SiN (N � 30) clusters may
follow the same growth pattern and the addition of one
more atom will not result in dramatic reconstruction of
cluster structure. On this transition size, the optical prop-
erties of the silicon clusters assembled films have also been
investigated experimentally [16–18].

It is well-known that as the clusters size increases, de-
termination of the true global minima on the potential
energy surface (PES) becomes increasingly challenging be-
cause of the growing number of low-lying isomers. For the
medium-sized SiN clusters with N ≈ 11–30, different opti-
mization methods such as genetic algorithm [19,20], basin-
hopping techniques [21], and “big bang” methods [9], have
been employed to perform an unbiased search for the
global minimum on the PES. These calculations indicated
that prolate supercluster structures using tricapped trian-
gular prisms (TTP) model as building blocks are formed
for SiN with N ≈ 15–25, and that a structural transition
from the prolate geometries to the more-spherical ones
occurs for the medium-sized silicon clusters with N � 25.
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Different from the carbon fullerene cages, hollow Si
cage structures are unstable due to the lack of sp2 hy-
bridization of valence orbitals [22–25]. To stabilize the sil-
icon cages, some additional atoms stuffed inside the cage
are needed to saturate the dangling bonds on the sili-
con cage surface and to form sp3 hybridization. Based
on above considerations, a number of “handmade” en-
dohedral cages have been constructed for the medium-
sized silicon clusters (e.g., Si33, Si36, Si39, Si40, and
Si45) [26–32]. Recently, combining unbiased genetic algo-
rithm (GA) search at semi-empirical nonorthogonal tight-
binding (NTB) level and biased local optimization using
density functional theory, Yoo et al. [33] have system-
atically studied the structures of the medium-sized SiN
clusters with N = 27–39. They found that silicon atoms
form stuffed cage configurations within this size range and
the outer cages mimic the fullerene cages of carbon clus-
ters. Further studies on the structures of the medium-sized
SiN clusters (e.g., Ref. [10] for N = 21–30; Ref. [32] for
N = 40; Ref. [34] for N = 40, 45 and 50; Ref. [35] for
N = 30–39; and Ref. [36] for N = 31–40, 45) revealed
that the endohedral silicon cages are the generic struc-
tural motif of the medium-sized SiN clusters. So far, most
of these previous works focused on SiN with N � 40. For
larger clusters in the size range of 41 � N � 50, there
have been a number of studies on Si45 [26,29,32–34,36–
38] and few on Si50 [34]. Hence, it is necessary to conduct
more comprehensive study on SiN (41 � N � 50) clusters
to understand the structural evolution. In particular, in
the series works on SiN (N � 40) clusters [32–36], main
attentions have been focused on the outer cages configura-
tions for the endohedral fullerene structures. As the clus-
ter become larger, the interior silicon atoms within the
cages would gradually form some kinds of core structure.
Thus, how do the core structures evolve for the stuffed
fullerene silicon clusters in the size range of 41 � N � 50?
In this paper, we carry out all-electron DFT calculations
to study the medium-sized SiN (41 � N � 50) clusters
within structural motif of endohedral fullerene cages and
examine the geometric structures of the core atoms in de-
tail.

2 Computational procedure

In this work, the medium-sized SiN clusters (41 � N �
50) within structural motifs of endohedral fullerene cages
were studied using density functional theory (DFT). At
the beginning, stuffed fullerene cages of different topolo-
gies and with different filling/cage ratios were constructed
for SiN (41 � N � 50). The initial structures of the
fullerene cages were directly taken from those for carbon
fullerenes in the Fullerene Structure Library [39] after a
rescaling the bond length by a factor of 1.65. In a pre-
vious work [33], an unbiased search of global minima of
medium-sized silicon clusters with N = 29–39 using the
genetic algorithm demonstrated that most of the lowest-
energy structures of silicon clusters exhibit fullerene-like
cages which contain only pentagonal and hexagonal rings.
Therefore, to reduce the number of structural isomers,

here we considered all possible topologies for the clas-
sical fullerene cages (only containing five-membered and
six-membered rings) for each size of outer cage. For the
fullerene cages with 34, 36, 38, 40, and 42 surface atoms,
we considered 6, 15, 17, 40, and 45 isomers, respectively.
Similar to previous work [35], a suitable amount of sil-
icon atoms were uniformly filled into the hollow silicon
cages. These “hand-made” structural isomers were then
optimized using all-electron density functional theory im-
plemented in the DMol program [40]. We used a double nu-
merical basis including d-polarization function (DND) and
adopted the generalized gradient approximation (GGA)
with Perdew-Burke-Ernzerhof (PBE) parameterization to
describe the exchange-correlation interaction [41]. In DFT
calculations, all the structures were fully optimized with-
out any symmetry constraint. The convergence criteria
for the gradient force and the total energy were set to
0.002 Hartree/Å and 10−6 Hartree, respectively. Using the
present computational scheme, the values of the bulk sil-
icon have been calculated. For the bulk silicon, the cur-
rent computational scheme predicts the cohesive energy,
equilibrium lattice constant and band gap 4.58 eV/atom,
5.47 Å and 0.68 eV respectively, which fairly close to ex-
periments (4.63 eV/atom, 5.43 Å and 1.11 eV) [42]. These
computed values are completely same as our recent DFT-
PBE results [32]. It is well known that standard DFT ap-
proaches at LDA or GGA level significantly underestimate
the band gap of semiconductor materials. Therefore, the
present computational scheme can give a credible descrip-
tion of the medium-sized SiN clusters (41 � N � 50)
within stuffed fullerene cages.

3 Results and discussion

Using the computational approach described above, we
have optimized a number of structural isomers for each
size of SiN (41 � N � 50) clusters with different possible
combination of outer fullerene cages and endohedral fill-
ing atoms. For example, we considered 21 isomers for Si41,
while the number of isomers increases to 85 for Si50. The
lowest-energy endohedral fullerenes for SiN (41 � N � 50)
are shown in Figure 1, in which the endohedral atoms
are highlighted in green color. To examine the structural
evolution of the core atoms, we removed the outer cage
atoms and only plotted the core configurations in Fig-
ure 3. The filling/cage combination, binding energies (Eb),
vertical ionization potentials (VIPs) and electronic gaps
between highest occupied molecular orbital-lowest unoc-
cupied molecular orbital (HOMO-LUMO) for the lowest-
energy endohedral structures are summarized in Table 1.
Using a cutoff value of 2.65 Å (same in Ref. [35]), we cal-
culated the average coordination numbers (CN) for the
lowest-energy endohedral fullerene structures, which are
also given in Table 1.

3.1 Structures of silicon clusters

As shown in Table 1 and Figure 1, the optimal filling/cage
ratio for endohedral fullerene structures of Si41, Si42, Si43,
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Fig. 1. (Color online)
Lowest-energy endohe-
dral fullerene structures
for medium-sized SiN
(41 � N � 50) clusters.
The endohedral atoms
are highlighted in green
color and the atoms on
the outer cage in yellow
color.

Table 1. Optimal filling and/or cage combination (Sim@Sin),
binding energy (Eb) per atom, vertical ionization potential
(VIP), HOMO-LUMO gap for the lowest-energy structures
from our theoretical calculations. The average CN was calcu-
lated using a 2.65 Å cutoff.

SiN Sim@Sin Eb (eV/atom) VIP(eV) CN Gap (eV)
Si41 Si5@Si36 3.862 6.010 3.66 0.531
Si42 Si6@Si36 3.865 6.019 3.76 0.551
Si43 Si7@Si36 3.862 5.921 4.14 0.360
Si44 Si8@Si36 3.873 6.011 3.96 0.530
Si45 Si7@Si38 3.885 6.022 4.55 0.704
Si46 Si8@Si38 3.873 5.866 4.26 0.491
Si47 Si7@Si40 3.878 5.987 3.79 0.604
Si48 Si8@Si40 3.879 5.904 4.00 0.437
Si49 Si9@Si40 3.885 5.885 4.16 0.323
Si50 Si10@Si40 3.888 5.881 4.40 0.467

Si44 clusters are Si5@Si36, Si6@Si36, Si7@Si36, Si8@Si36,
respectively. It is interesting to find that the symmetry of
original C36 fullerene cages varies from D2d for Si41 to C2

for Si42, C1 for Si43, and C2 for Si44. All of the optimized
cluster configurations are spherical-like.

Among the SiN clusters in the size range of N = 41–50,
Si45 has received most intensive attention [26,29,30,33,
34,36–38] due to its unusually low chemical reactivity ob-
served in experiment [43]. From our calculations, the opti-
mal outer fullerene cage is Si38 for the Si45 cluster, and the
corresponding original C38 fullerene cage has C2 symme-
try. The obtained stuffing/cage combination Si7@Si38 for
Si45 is in agreement with the previous results [34,36]. In
reference [36], Zeng’s group predicted a stuffing/cage com-
bination of Si5@Si40 using BLYP functional and Si7@Si38
using PBE functional for Si45 cluster.

For the larger SiN clusters (N = 46–50), the size of op-
timal outer fullerene cages are 38 for Si46, and 40 for the
rest. The original C38 fullerene cage for Si46 has no sym-
metry (C1), while symmetries of the original C40 fullerene
cages for Si47, Si48, Si49, and Si50 are C2, Cs, Cs, and

C1, respectively. Again, these lowest-energy endohedral
fullerene cages are spherical-like.

3.2 Size dependence of binding energy, vertical
ionization potentials and HOMO-LUMO gap

To understand the evolution behavior from microscopic
atoms to bulk solids, it is important to discuss the size
dependence of physical properties for the clusters. On the
other hand, identification of the generic structural fea-
tures not only can dramatically reduce computation cost
for first-principles evaluation of the potential-energy sur-
face but also can provide additional physical insight into
growth patterns of the medium-sized clusters [10].

In Figure 2, the theoretical and experimental binding
energies [11] per atom (Fig. 2a) and HOMO-LUMO gap
(Fig. 2b) of SiN clusters are plotted as function of cluster
size. As shown in Figure 2a, the computed binding energy
increases gradually with increasing cluster size, which is
an essential requirement for identifying stable medium-
sized clusters. Compared to experimental data [11], our
theoretical calculations systematically underestimate the
binding energies by about 0.2 eV. Thus, if we shift the ex-
perimental binding energies [11] by −0.2 eV, satisfactory
agreement can be found between theory and experiment.

In both Figures 2a and 2b, we find distinct peaks in
theoretical binding energy and HOMO-LUMO gap at Si45,
which is in accord with its unusually low chemical reactiv-
ity [43]. Experimentally, the energy gaps of silicon clusters
were measured with scanning tunneling spectroscopy [44]
and a finite gap up to 0.45 eV was estimated for the radius
below 15 Å (about 40–50 atoms). The calculated HOMO-
LUMO gaps oscillate around 0.45 eV with deviation of
about 0.1 eV (see Tab. 1 and Fig. 1b). Thus, our com-
puted gaps roughly agree with the experiment measure-
ments [44].

The vertical ionization potentials (VIPs) defined by
the differences of total energy of neutral and cationic clus-
ters with the same lowest-energy configuration of the neu-
tral state were also calculated and listed in Table 1. Si45
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Fig. 2. Physical properties of SiN clusters as function of clus-
ter size N : (a) binding energy per atom (Eb). Square: our DFT
calculation; circles: experimental data from reference [11]. Tri-
angle: experimental data from reference [11] with a shift of
−0.2 eV. (b) HOMO-LUMO gaps from our DFT calculations.

has the largest VIP value, which can be also associated
with the higher chemical inertness. In previous experi-
ment, the ionization potentials of SiN cluster were deter-
mined by photoionization threshold measurements [13]. In
the size range of N = 41–45, the measured IPs values are
about 5.40–5.50 eV. Our calculation results are system-
atically higher than those experimental values by about
0.4 eV. From Table 1, one can see that the average CN
generally increases as cluster size increases and they are
all comparable to the CN = 4 for diamond lattice, al-
though the average bond length is longer than the bulk
value. Among the SiN clusters, the CN for Si45 is larger
than the others.

3.3 Core-filling atoms and stuffing/cage ratio

In Figure 3a, we display the structures of the core-
filling atoms of the corresponding lowest-energy endo-
hedral fullerene structures of SiN with N = 41–50.
Same atomic configurations of the core-filling atoms are
plotted in Figure 3b with different aspects to compare
with the bulk fragments. In Figure 3c, we present the
structures of the two smallest bulk diamond fragments,

Fig. 3. (Color online) (a) Structures of the core-filling atoms
within the lowest-energy endohedral fullerene structures of SiN
(41 � N � 50); (b) same structures of the core-filling atoms
viewed from different aspects; (c) structures of diamond frag-
ments like adamantine (C10) and diamantine (C14) viewed
from different lattice orientations.
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namely, adamantine [45] with 10-carbon atoms and dia-
mantine [45] with 14-carbon atoms, along different lattice
orientations. From Figure 3a, one can see that the core-
filling atoms tend to form cage-like structures as the clus-
ter size increases. In particular, the inner cores of Si44,
Si46, Si49, and Si50 exhibit distinct cage-like structures.
The average bond length of the inner core for Si41 is
2.64 Å, while for Si49 it decreases to 2.45 Å. Overall speak-
ing, the average bond length in the core structures is grad-
ually shortened as the cluster size increases, approaching
the bulk Si-Si bond length, 2.352 Å. This indicates that
the inner core becomes more compact. Moreover, it can
be seen from Figure 3a that tetrahedron-like configuration
has emerged in the core structures as embryo of bulk dia-
mond lattice. This phenomenon can be clearly seen in the
comparison of Figures 3b and 3c. The core-filling atoms
partially resemble the structural characters of bulk dia-
mond fragments. The inner cores of Si41, Si42, and Si45
have structures of square grids (see Fig. 3b), which can
be compared with the structure of an adamantine along
[100] lattice orientation (see Fig. 3c). Identical but less
pronounced similarity was observed for Si50. The struc-
tures of core-filling atoms of Si43 and Si48 contain a five-
membered ring (5MR) with a top-capping silicon atom
(see Fig. 3b), which closely resembles the structure of a
diamantine along [110] orientation (see Fig. 3c). As shown
in Figure 3b, the structures of inner cores of Si44, Si46 and
Si47 have a five-membered ring (5MR) with a centered sili-
con atom, which is very similar to the structure of diaman-
tane along [111] orientation (see Fig. 3c). The structure
of core-filling atoms of Si49 has character analogous to
that of diamantane along [111] direction except that the
structure of the inner core of Si49 has four broken bonds
and can not form a close ring. From the above results, we
may infer that the transition towards bulk structure starts
from the core region of the medium-sized SiN clusters in
the size range studied. Although we only considered the
endohedral fullerene with classical fullerene cages to min-
imize the computational efforts, the tendency of forming
bulk-like fragment in the core region of medium-sized SiN
clusters should be generic and independent of the details
of the configurations of outer cages.

In a previous study [33], an empirical rule for the fill-
ing/cage ratio (m/n) of endohedral fullerene cage Sim@Sin
was summarized on the basis of the results of GA-NTB
global optimizations for SiN clusters with N = 27–39.
Considering a fullerene cage with n = 26 + 2x atoms, the
upper and lower limits for the number m of filling atoms
should be between 3 + x and x. For example, in the case
of n = 36, m can be 5 to 8, corresponding to the combina-
tions of Si5@Si36 for Si41 to Si8@Si36 for Si44. For n = 38
and 40, m can be 6 to 9 and 7 to 10, corresponding to the
combinations of Si7@Si38 for Si45, Si8@Si38 for Si46 and
Si7@Si40 for Si47 to Si10@Si40 for Si50, respectively.

Within a simple space-filling picture, another empiri-
cal rule [32,34] for the optimal filling/cage ratio has been
proposed. Assuming a nearly spherical shape, the number
m of the atoms that can be stuffed inside a fullerene cage
with n surface atoms (n = 26–60) can be given by a simple

Fig. 4. Number m of atoms filling inside the spherical-like
fullerene cage as a function of the cluster size N (30 � N �
50). For comparison, the curves calculated from two empirical
rules [32,33,35] are also plotted.

function as

m ≈ 0.00515n2 + 0.03071n− 1.5525. (1)

For 41 � n + m � 50, equation (1) predicts m ≈ 5.88,
6.16, 6.45, 6.74, 7.04, 7.33, 7.64, 7.94, 8.25, and 8.56, re-
spectively, fairly close to our present results as m = 5, 6,
7, 8, 7, 8, 7, 8, 9, and 10. In Figure 4 we plot the number
of filling atoms m as a function of the cluster size N and
compare with the curves calculated from the two empirical
rules. Our recent DFT results [32,35] for 30 � n+m � 40
are also included. As shown in Figure 4, the results from
DFT calculations agree well with the estimation by em-
pirical rules in the space-filling picture.

4 Conclusion

In summary, we have performed a systematical search
of the lowest-energy stuffed fullerene structures of silicon
clusters in the size range of Si41-Si50 using all-electron
DFT calculations. For each cluster size, classical fullerene
cages with different topological structures and different
numbers of filling atoms have been considered. All of these
energetically favorable structures are spherical-like. The
optimal filling/cage combination agree well with an em-
pirical space-filled model. The calculated binding energy
and HOMO-LUMO gap of Si45 are larger than those of
its neighbors, implying its low chemical reactivity that is
consistent with the previous experiment. The core-filling
atoms form cage-like geometries and the average bond
lengths between the core atoms shrink as cluster becomes
larger. More important, we find that the core-filling atoms
exhibit structural characters that resemble bulk diamond
fragments such as adamantane and diamantane. Thus, the
transition towards bulk structure starts from the core re-
gion of the medium-sized SiN clusters when the core-filling
atoms gradually form cage configurations as embryo of
bulk diamond lattice. Our present results indicate that
SiN (N = 41–50) clusters represent a unique intermedi-
ate stage of the transition from molecule-like to bulk-like
behavior.
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